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ON THE MAXIMAL NUMBER OF COPRIME SUBDEGREES IN 
FINITE PRIMITIVE PERMUTATION GROUPS 

SILVIO DOLFI, ROBERT GURALNICK, CHERYL E. PRAEGER, AND PABLO SPIGA 



Abstract. The subdegrees of a transitive permutation group are the orbit 
lengths of a point stabilizer. For a finite primitive permutation group which is 
not cyclic of prime order, the largest subdegree shares a non-trivial common 
factor with each non-trivial subdegree. On the other hand it is possible for 
non-trivial subdegrees of primitive groups to be coprime, a famous example 
being the rank 5 action of the small Janko group J\ on 266 points which has 
subdegrees of lengths 11 and 12. We prove that, for every finite primitive 
group, the maximal size of a set of pairwise coprime non-trivial subdegrees is 
at most 2. 



1. Introduction 

In this paper we are concerned with the subdegrees of a finite primitive permu- 
tation group. The set of of a transitive group G is the set of orbit lengths of the 
stabilizer G u of a point u), and we say that a subdegree d of G is non-trivial if 
d ^ 1. We announced in |T0l Theorem 1.7] that a primitive permutation group 
could not have as many as three pairwise coprime non-trivial subdegrees. Here we 
prove this theorem. 

Theorem 1.1. Let G be a finite primitive permutation group. Then the largest 
subset of pairwise coprime non-trivial subdegrees of G has cardinality at most 2. 

This theorem is related to a classical result on finite primitive groups. In 1935 
Marie Weiss [231 Theorem 3] showed that, if G is a finite primitive group which is 
not cyclic of prime order, then the largest of the subdegrees has non-trivial divisors 
in common with all the other non-trivial subdegrees. It was observed by Peter 
Neumann in 1973 [23, Corollary (2), page 93] that Weiss's theorem implies that a 
finite primitive group with k pairwise coprime non-trivial subdegrees has rank at 
least 2 k . Neumann remarked that 'groups of small rank with non-trivial co- prime 
subdegrees appear to be rather rare', and posed a question of Peter Cameron [231 
Problem 1, page 93] on the existence of a primitive rank 4 group with two coprime 
non-trivial subdegrees, that is to say, a group meeting the bound 2 k with k = 2. 
That no such group exists was verified by Cameron himself (see Remark in 
Section 1.32]), using the finite simple group classification. The smallest rank for 
coprime subdegrees to occur is 5 with the famous example of J\ of degree 266 with 
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subdegrees 1, 11, 12, 110 and 132 first studied by Livingstone 21 . Our Theorem ll.il 
shows that the parameter k is at most 2. We emphasise that a primitive group may 
have several pairs of coprime non-trivial subdegrees - examples are given in |1Q[ 
Example 4.3]. Our result simply prohibits triples of pairwise coprime subdegrees. 

We say that a subgroup L of a nonabelian simple group T is pseudo-maximal in 
T if there exists an almost simple group A with socle T and a maximal subgroup 
M of A with T£M and L = Tf]M (see pS Definition 1.8]). Theorem 1.10 in [10] 
shows that Theorem 11.11 holds true if the following result on nonabelian simple 
groups (see [TO] Theorem 1.9]) is true. 

Theorem A. Let T be a transitive nonabelian simple permutation group and as- 
sume that the stabilizer of a point is pseudo-maximal in T. Then the largest subset 
of pairwise coprime non-trivial subdegrees of T has cardinality at most 2. 

The aim of this paper is to prove Theorem A using the Classification of Finite 
Simple Groups, thus proving Theorem 11.11 The structure of the paper is straigh- 
forward. In Section [5] and [3] we collect some auxiliary results. We prove Theorem A 
for the alternating groups in Section Ul for the classical groups in Section [5J for 
the exceptional groups of Lie type in Section [5] and finally for the sporadic simple 
groups in Section [7] 

One of the most efficient methods for analyzing a finite primitive permutation 
group G is to study the socle N of G, that is, the subgroup generated by the 
minimal normal subgroups of G. The O'Nan-Scott theorem describes in detail the 
embedding of N in G and collects some useful information on the action of N. 
In [24j eight types of primitive groups are defined (depending on the structure and 
on the action of the socle), namely HA (Holomorphic Abelian), AS (Almost Simple), 
SD (Simple Diagonal), CD (Compound Diagonal), HS (Holomorphic Simple), HC 
(Holomorphic Compound), TW (Twisted wreath), PA (Product Action), and it 
is shown in |17] that every primitive group belongs to exactly one of these types. 
Combining [lOj Theorem 1.3, 1.4] with Theorem ll.il we have the following corollary 
determining the maximal number of non-trivial pairwise coprime subdegrees of a 
primitive group according to its O'Nan-Scott type. 

Corollary 1.2. Let G be a finite primitive group. If G has two non-trivial coprime 
subdegrees, then G is of AS, PA or TW type. 

Results concerning the subdegrees of a finite permutation group can often give 
interesting applications in Field Theory (see for example JOj Corollary 1.9]). In 
fact, Theorem 1 1 . 1 1 has the following surprising application. 

Corollary 1.3. Let K — k[0] be a minimal separable field extension that is not 
Galois. Let f(x) G k[x] be the minimal polynomial of 9 over k and write f(x) = 
(x — 9)gi(x) ■ ■ ■ g r (x) with gi G K[x] irreducible over K, for each i G {1, . . . , r}. 
Then the maximal number of gi(x) of pairwise coprime degree is 2. 

Proof. Let L be the normal closure of K/k. As K is separable, L/k is a Galois 
extension. Let G be the Galois group Gal(L/fc) and set H — Gal(L/K). By the 
minimality of K, the group G acts primitively on the right cosets G/H of H in G. 
The degrees of the gi(x) are precisely the non-trivial subdegrees of H in the action 
on G/H. Now apply Theorem [i~Tl □ 
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2. Embedding results 



The main results in this section are Propositions 12.71 and 12. 9[ which will prove 
to be important in the proof of Theorem 11.11 

Definition 2.1. If G is a finite group, we let /z(G) denote the maximal size of a 
set {Gi}i£i of proper subgroups of G with \G : Gi\ and \G : Gj\ relatively prime, 
for each two distinct elements i and j of /. 

The following remark is used in Section [3] 

Remark 2.2. The number /j,(G) equals the maximal size of a set {Mj}j e j of 
maximal subgroups of G with \G : M%\ and \G : Mj\ relatively prime, for each two 
distinct elements i and j in J. Clearly, \J\ < fi(G). Conversely, let {Gi}i^i be a 
family of proper subgroups of G with relatively prime index in G. Let Mi be a 
maximal subgroup of G with Ai < Mi. Since \G : Gi\ is coprime to \G : Gj\ for 
i ^ j, we have Mi ^ Mj and \G : M,| is coprime to \G : Mj\. Thus fJ,(G) < \J\. 

We recall that a finite group E is said to be quasisimple HE— [E, E] and E/Z(E) 
is a nonabclian simple group, where Z(E) is the centre of the group E. Furthermore, 
we say that the finite group G is a central product of A and -B, if A and -B are non- 
identity proper subgroups of G with [A, B] = 1 and G = AB. We recall that a 
component E of G is a quasisimple subnormal subgroup of G As usual, we denote by 
E(G) the group generated by the set {E\, ...,Eg} (possibly empty) of components 
of G, by F(G) the Fitting subgroup of G and by F* (G) = F(G)E(G) the generalized 
Fitting subgroup of G If is well-known [2J Chapter 11] that E(G) = Ei ■ ■ ■ Eg is 
a central product of Ei, . . . ,Eg (here E(G) = 1 if G has no components), that 
[F(G),E(G)] = 1, that E(E(G)) = E(G) and that C G (F*(G)) < F*(G). 

Lemma 2.3. Suppose that K — E\- • ■ Eg, is a central product of I quasisimple 
groups with Ei/Z(Ei) S Ej/Z{Ej), for each i,j e {1, . . .,£}. Then n{K) < 2. 

Proof. As Ei is quasisimple for each i G {1, ...,£}, we have K — [K,K] and 
K/Z(K) = T x x • ■ ■ x T e with % = E. L Z{K)/Z(K). By hypothesis there is a non- 
abelian simple group T such that, for each i £ {1, . . . ,£}, we have Ti = T. We argue 
by contradiction and we assume that /J,(K) > 3, that is, K has three proper sub- 
groups Ai, A-2 and A3 with \K : A\\, \K : Aa| and |if : A^\ relatively prime. Assume 
first that AiZ(K) < K, for each j e {1,2,3}. So, A X Z{K)/Z{K), A 2 Z(K)/Z(K) 
and A.3Z(ir)/Z(if) are three proper subgroups of K/Z(K) with relatively prime 
indices, that is, jjl{K/Z{K)) > 3. Now, from pH Lemma 5.2] we have fi(T e ) < 2, 
and hence we obtain a contradiction. This shows that K — Aj Z(K), for some 
jo e {1, 2, 3}. Now, we have K = [K, K] = [A jo Z{K), A jo Z(K)] = [A jo ,A jo ] < A jo , 
but this contradicts the fact that Aj is a proper subgroup of K . □ 

Lemma 2.4. Lef G be a transitive permutation group on f2 and let u> € 0. Suppose 
that N is normal in G w and A^ /lies a unique point on Q. Then the maximal size 
of a subset of pairwise coprime non-trivial subdegrees of G is at most fi>(N). 

Proof. Let wi, . ..,u r be elements of il \ {us} with \u i "| relatively prime to |w "|, 
for distinct elements i and j in {1, . . . , r}. For every i G {1, . . . , r}, set ATj = N Ui . 
Since N fixes only the point ui of fi, the group Nj is a proper subgroup of N. 
Furthermore, as N <l G u , the index \N : Ni\ divides |Wj |. From Definition 12. 11 we 
obtain r < fi(N). D 
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Lemma 2.5. Let H be a finite group such that C#(E(F)) = 1 and E(F) = T e 
for some nonabelian simple group T and for some £ > 1. Let F be a subgroup of H 
with F = F x ■ ■ ■ Fgi the central product of £' quasisimple groups with Fi/7i(Fi) = T 
and I' >t Then F = E(if). 

Proof. Write E(H) = T x x • • • x T e = T e with T % = T for each i G {1, . . . ,£}. 
As Ch(E>(H)) = 1, the group H is isomorphic to a subgroup of Aut(E(iFj). So, 
replacing H by Aut(E(7?)) if necessary, we may assume that H = Aut(E(F)). 

Write E = E(F). We argue by induction on I. Assume that £ = 1. Since Out(T) 
is soluble and F = [F, F], we obtain F < E and so F — E. Assume that £ > 1. We 
prove a preliminary claim from which the proof will follow. 

Claim 1. If F is a subgroup of Sym(m), then m > £'d, where d is the minimal 
degree of a faithful permutation representation of T. In particular, m > 5£'. 

We prove it by induction on \F\. Let A l7 . . . , A& be the orbits of F on {1, . . . , m} and 
let Lj be the permutation group induced by F on Aj. In particular, Lj/Zi(Lj) = T * 
for some < £j < £' , and £' < X) 7 "=i^i- ^ f° r eacn J G {1, . . . , fcj-, we have 
\Lj\ < \F\, then by induction we obtain |Aj| > £jd. In particular, m = J2j=i l-A-a'l — 
St=i ^i^ — ^'^- Therefore, we may assume that |F| = \Lj \ for some j G {!,...,£}, 
that is, F acts faithfully and transitively on Aj. In particular, replacing the set 
{1, . . . ,m} by Aj if necessary, we may assume that F is a transitive subgroup of 
Sym(m). 

Let B be the system of imprimitivity consisting of the orbits of 'Z(F). Let K be 
the kernel of the action of F on B and let F B be the permutation group induced 
by F on B. Clearly, Z(F) < K. Assume that Z(F) < K. In particular, since 
F/Z(F) ^ T r , there exists i G {1, . . . ,£' } with F, < AT. Let S be a Z(F)-orbit and 
A G B. Since Z(F) is abelian, Z(F) acts regularly on B and hence F = Z(F)(Fi)\. 
In particular, F = [F,F] = [(F)a, (F)a] = (F)> and F fixes the point A of B. 
Since Fi<F, F is transitive and Fj < F\,we see that Fi = 1, a contradiction. Thus 
A = Z(F) and F B = T f '. From ;il t Theorem 3.1], we have \B\ > £'d. Therefore, 
m > \B\ > £'d. Finally, since Sym(4) is soluble, we have d > 5. ■ 

Let K be the kernel of the action by conjugation of H on the set {T\, . . . , Tg] of £ 
simple direct factors of E. Clearly, F n K is a normal subgroup of F. Assume that 
F n K < Z(F). Then FK/K = F/(F n A) is isomorphic to a subgroup of Sym(£) 
and hence, by Claim 1 applied to F/(FOK), we obtain f > 5£', a contradiction since 
by assumption £' > £. Thus F n A ^ Z(F). Since F n A < F and F/Z(F) ^ T^', 
there exists i G {1, ...,£'} with Fj < A. Relabelling Fj by Fi if necessary, we may 
assume that F\ < K. 

Since A/F = Out(T) £ , Out(T) is soluble and F x = [F X ,F X ], we see that F x < E. 

For each j G {1, ...,£}, let ttj : F — s> F, be the projection onto the j coordinate 
of E and let Lj be the kernel of ttj . Since F x < E and Lj < F, we have Fi fl Lj < Fi 
and so cither F x n Lj < Z(Fi) or F x < Lj. Write J = {j G {1, . . . ,£} | Ft < Lj}. 
If J = {1, ... ,£}, then Fi < n^ =1 Lj = 1, a contradiction. Thus, relabelling the set 
{!,...,£} if necessary, we may assume that J = {m + 1, . . . ,£} for some m > 1. Fix 
jin{l,...,m}. Now, asFiHLj < Z(Fi), we have \T\ > |7Tj(Fl)| = |Fi : FiHLj| = 
|Fi : Z(Fi)||Z(Fi) : F x nLj\ = |T||Z(F X ) : F x n L_,-| and hence tTj(Fi) = F,- and 
Fi n Lj = Z(Fi). Since this argument does not depend on j G {1, . . . ,m}, we 
have Z(Fi) = F x n (n^jLj) = F x n (T m+ i X-xT ( ). Moreover, since for each 
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j £ {1, ... , m} we have Tj = ttj(Fi), we see that F\ < D x T m +\ x ■ ■ ■ x T( where 
D is a diagonal subgroup of Ti X • • • X T m , that is, D is conjugate under an element 
of H to the diagonal subgroup {(£, . . . , t) t e T} of T\ x ■ ■ ■ x T m . Summing up, 
this gives F x = D x Z(F 1 ). As Fi = [Fi,Fi], we have Z(Fi) = 1 and Fi = D. 

Since JT = Aut(F), we have C H (Fi) = Sym(m) x Aut(T £ ~ m ). Let A be the 
normal subgroup of Ch(Fi) isomorphic to Sym(m) and let B be the normal sub- 
group of Ch(Fl) isomorphic to Aut(T £ ~ m ). Now the group F2 • • • Fg> is contained 
in Cff (Fl) = A x B. From Claim 1, A contains at most m/5 of the components 
Ff • • Fy. Also, by induction, we have that B contains at most I — m of the compo- 
nents F2 • • • F^/ and, if equality is met then F2 • • • Fy = T m+ i x ■ ■ ■ xTg. Therefore, 
i' - 1 < m/5 + ^ - m. Since £' > £, this gives f = ^ m = 1, Fi = Ti and 
F 2 • • • F>/ = T% X • • • X Ti. In particular, F = E. □ 

Lemma 2.6. Let H be a finite group and E = E(F). Assume that Ch(E) is 
soluble and F/Z(F) = T f /or some nonabelian simple group T and for some £ > 1. 
If f : E ^ H is an injective homomorphism, then /(F) = F. 

Proof. We write F = E(F), Z = Z(F) and F = H/C H (E). Let - : H ^H be 
the natural projection. Here we use the "bar" notation, that is, we denote by X 
the image under — of the subgroup X of H . 

In this paragraph we show that C-^(F) = 1. We have C-g-(F) = C/Ch(E) 
for some subgroup G of H . Since [C, F] = 1 and E < H, we obtain [C, F] < 
Off(F) n F = Z(F). In particular, [[C,E],E] = 1 and [[F,C],F] = 1. Now, from 
the Three Subgroup Lemma, we have [E,C] = [[E,E],C] = 1. Thus C < C H {E) 
andC=l. _ _ _ 

Since every component of H is either contained in F or commutes with F, and 
since C-g-(F) = 1, we obtain that F = E(F). 

Write F = /(F) and F = /(F). As C#(F) is soluble and / is injective, we have 
F n C H (E) < Z(F) and F S F/(F n C H {E)) is a central product of £ quasisimple 
groups. Since F = F/Z(F) = T*, from Lemma [2T5l we have F = F. Therefore, 
FC H (E) = EC H {E). Since F = [F,F], .E = [F, F] and Cjj(F) is soluble, we 
obtain that the last term of the derived series of FC#(F) (respectively ECh{E)) 
is F (respectively F), that is, F = E. □ 

Proposition 2.7. Let G be a transitive permutation group on fi. For w G £1, 
assume that Cg u (E(G u )) is soluble, that E(G U )/Z(E(G U )) = T £ /or some non- 
abelian simple group T and for some £ > 1, and t/iat G w = N(j(E(G a ,)). T/iew t/ie 
maximal size of a subset of non-trivial pairwise coprime subdegrees of G is at most 
2. 

Proof. Fix w e O and write F = E(G W ). Assume that F fixes an element u' of 
fi. Let g € G with w ff = a/. Now E 9 < G w and so, from Lemma [2.61 applied 
with H = G u , we have E 9 = E and hence g € Np (F) = G w . This yields u/ = w 
and hence F fixes a unique point of fi. Now the proof follows from Lemmas 12.31 
and El □ 



Let G = Ti x • • • x T/» be the direct product of nonabelian simple groups. We say 
that Ti has multiplicity r in G, if G has exactly r simple direct factors isomorphic 
to T. 
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Lemma 2.8. Let H be a finite group. Assume that each simple direct factor of 
E(H)/Z(H) has multiplicity at most 4 and that H has a unique component Q such 
that Q/Z(Q) has largest order among the components of H . If f : Q — > H is an 
infective homomorphism, then f(Q) = Q. 

Proof. Write R = f(Q) and E(H) = E\ ■ ■ ■ Et with Ei, . . . , Eg the components of 
E(iJ). Set E(if)/Z(E(if)) = T x x • • • X T t with £ > 1 and with T t a nonabelian 
simple group, for each i G {1, . . . , £}. Relabelling the index set {1, . . . ,£} if neces- 
sary, we may assume that E\ = Q. The group H acts by conjugation on the set 
{Ti, . . . , T e } of £ simple direct factors of E(iT)/Z(E(JT)). The kernel of the action 
of H on {Ti, . . . ,T e } is K = nf =1 NH(Ti). Since Ti has multiplicity at most 4 in 
E(/T)/Z(E(Tf )), we see that H/K has orbits of length at most 4 and hence H/K 
is soluble. 

As R is quasisimple, this yields R < K. As Out(Tj) is soluble for each i £ 
{1, . . . ,£} and since K/E(H) is isomorphic to a subgroup of Out(Ti) x • • • x Out(T^), 
we obtain that K/~E(H) is soluble. As R is quasisimple, we get R < E(/f ). 

For each j £ {1, . . . ,£}, let ttj : E(H) —> Tj the natural projection onto the j th 
factor Tj of E(ff)/Z(E(if)) and let Lj be the kernel of Kj. Since i? n L 3 ■ < R, we 
have that either RD Lj < Z(R) or R < Lj. In the former case, \Tj\ > ttj(R) = 
\R : R n Lj\ > \R : Z(i?)| = |Ti| and hence j = 1 because of the maximality 
and uniqueness of |Ti|. Therefore this yields R < C\j =2 Lj = EiZ(E(H)). Since 
R = [R,R], we obtain R < [EiZ(E(H)),EiZ(E(H))] = E x and hence, since / is 
injective, R — E\. □ 

Proposition 2.9. Let G be a transitive permutation group on £1. For u> G Q, 
assume that each simple direct factor o/E(G u )/Z(E(G w )) has multiplicity at most 
4, and that E(G U ) has a unique component Q such that Q/Z(Q) has largest order 
among the components ofE(H). Suppose that ~Nq(Q) — G u . Then the maximal 
size of a subset of non-trivial pairwise coprime subdegrees of G is at most 2. 

Proof. If Q fixes the element to' of f2, then there exists g € G with u/ = to 9 and 
Q gl < G u . From Lemma 121^1 we have Q 9 ' 1 = Q and so g e N G (Q) = G u . 
This yields ui' — u> and Q fixes a unique point of tt. Now the proof follows from 
Lemmas l2~3l and HOI □ 



The following proposition is taken from [27, Theorem 3.7]. 

Proposition 2.10. Let G be a transitive permutation group on Q. For uj G O, 
assume that G u contains the normalizer of a Sylow p- subgroup of G . Then p divides 
the degree of every non-trivial suborbit of G. 

Proof. See [271 Theorem 3.7]. □ 

3. Auxiliary lemmas 

We say that a factorization H = AB is coprime if \H : A\ is relatively prime 
to \H : B\ and both A, B are proper subgroups of H (see [lUJ Section 2]). Also 
H = AB is maximal if A and B are maximal subgroups of H . 

Lemma 3.1. Let H be a finite group, r a prime, and R a normal r -subgroup of 
H . Assume that H / R = E\ ■ ■ ■ Ei is a central product of £ quasisimple groups with 
Ei/Z(Ei) =* Ej/Z(Ej), for each i,j G {1, . . .,£}. Then fx(H) < 3. 
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Assume further that fi(H) = 3 and let Ai,A 2 and A3 be maximal subgroups 
of H with \H : Ai\ relatively prime to \H : Aj\, for distinct i and j in {1,2,3}. 
Let U be the normal subgroup of H with U/R = Z(H/R). Then relabelling the 
set {Ai, A%, A3} if necessary, \H : A^\ is divisible by r, U < A\,A% and H/U = 
{A\/U){A 2 /U) is a coprime maximal factorization of H/U. 

Proof. Suppose that /i(-ff) > 3 and let A 1; A 2 and A 3 be maximal subgroups of H 
with \H : Ai\ relatively prime to \H : Aj\, for distinct i and j in {1,2,3}. Since 
Ai is maximal, we obtain that either H = AiR or R < Ai. In the former case, the 
index \H : Ai\ — \R : Ai C\R\ is divisible by r. In the latter case, Ai/ R is a maximal 
subgroup of H/R. From Lemma 12. 3[ we have n(H/R) < 2 and so, in particular, 
/i(-ff) = 3 (since we are assuming [i(H) > 3). We note that this proves the first 
assertion of the lemma. Since fi(H/R) < 2, there exists exactly one element Ai 
in {Ai,A2, A3} with R <£ Ai , and there are exactly two elements Aj and Ak in 
{^1,^2,^.3} with R < Aj,Ak- Thus, replacing Aj by A3 if necessary, we may 
assume that R < Ai,A 2 and that \H : A 3 | is divisible by r. Since Ax/R and A 2 /R 
are maximal subgroups of H/R and as H/R is a central product of quasisimple 
groups, we have that U < Ai,A 2 . Hence H/U = (A 1 /U)(A 2 /U) is a maximal 
factorization of the characteristically simple group H/U with gcd(\H : Ai|, \H : 

a 2 |) = i. n 

Given a finite group G, we say that the normal subgroup N of G is the last term 
of the derived series of G if G/N is soluble and N = [N, N]. 

Lemma 3.2. Let T be a transitive permutation group on f2, let uj be in Q and let 
N be the last term of the derived series ofT u . IfT u = Nt{N), then N fixes only 
the point to. 

Proof. Suppose that N fixes ui' and write to' — cu 9 , for some jeT. Set K = N 9 . 
Since K < T m T^/N is soluble and NK/N is isomorphic to K/(K ON), we see 
that K/(K n N) is soluble. Since K = [A', K], we obtain that K = N n K and so 
N = K = N 9 ' 1 . This shows that g £ N T (N) = T u . So J = w and TV fixes only 
the point u> of J7. D 

Remark 3.3. Let T be a nonabelian simple permutation group on a set VL and 
let T u be pseudo-maximal in T, with w € O. So, there exists an almost simple 
group A with socle T and a maximal subgroup M of A such that T ^ M and 
T u = Tn M. Let TV be a characteristic subgroup of T u . Then M = N A (iV), 
because M is maximal in A and T u < M. Hence, T^Tfl NU(iV) = N T (N). 
Furthermore, as T u — Nt(21,), we obtain that uj is the only fixed point of T w in Q. 
We will use these two facts repeatedly in the following. 

4. Alternating groups 

Proof of Theorem A for the alternating groups. A subgroup H of Sym(n) is either 
intransitive, imprimitive or primitive in its action on {1,. . . ,n}. In the proof of this 
theorem we consider these three cases separately. 

Let T — Alt(n), for some n > 5. Fix u S ^ and write H = T u . Assume that 
H is intransitive in the natural action of T of degree n. Then H = (Sym(fc) x 
Sym(n — k)) f] T, for some k with 1 < k < n/2. (Note that for n even, (Sym(n/2) x 
Sym(n/2)) (~l T is not pseudo-maximal in T .) In particular, the action of T on il 
is permutation equivalent to the action of Alt(n) on the fc-subsets of {1, . . . , n}. 



8 S. DOLFI, R. GURALNICK, C. E. PRAEGER, AND P. SPIGA 

Suppose that n ~ k > 5. Let N be the minimal normal subgroup of H isomorphic 
to Alt(n — k). Clearly, N is simple and fixes a unique fc-subset of {1, . . . , n}. So, 
by Lemmas 12.31 and 12. 4[ the group T has at most 2 non-trivial coprime subdegrees 
on SI. Now, suppose that n — k < 4. If k < 2, then the rank of T is at most 3 
and the assertion follows immediately. If k > 3, then (n, k) = (7, 3) and by direct 
inspection we see that T has no pair of non-trivial coprime subdegrees. 

Assume next that H is imprimitive in the natural action of T of degree n. Then 
H = (Sym(fc) wr Sym(n/fc)) n T, for some divisor k of n with 1 < k < n. In 
particular, the action of T on SI is permutation equivalent to the action of Alt (ri) 
on the set V of partitions of {1, . . . , n} into n/k parts all of size k. Suppose that 
k > 5. Let N be the socle of H. Clearly, N = Alt(fc)"/ fc and N fixes a unique 
element oiV. So, Lemmas l2.3l and l2T4"l vield that T has at most 2 non-trivial pairwise 
coprime subdegrees on SI. It remains to consider the case that k G {2,3,4}. Let 
N be the normal subgroup of H isomorphic to Sym(fc)"/ fe n T. Clearly, N fixes a 
unique clement of V '. Furthermore, since A is a {2, 3}-group, we have /i(A) < 2. 
Therefore Lemma [iOl yields that T has at most 2 non-trivial coprime subdegrees. 

It remains to consider the case that H is a primitive subgroup of T in the natural 
action of degree n. Let N be the socle of H . Suppose that N = S l for some 
nonabelian simple group S and £ > 1. Clearly, N = E(i?) and C#(A) = 1, and 
Nt(A) = H because H is pseudo- maximal in T. In particular, from Proposition ^ .71 
we see that T has at most 2 non-trivial pairwise coprime subdegrees. Finally assume 
that N is an elementary abelian p-group. In the rest of the proof, we identify 
AGL(d,p) with its image under the natural affine permutation representation. So 
H = AGL(d,p)P\T and hence H is isomorphic to a subgroup of index 2 in AGL(d,p) 
if p is odd, and H = AGL(d,p) if p = 2. (Note that the affine general linear 
group AGL(d,p) is a subgroup of Alt(p d ) only for p = 2.) If d = 1, then by 
Proposition 12.101 every subdegree of T is divisible by p. Assume now that d > 1. 
Suppose that T has two coprime subdegrees ni = |w^| and ri2 = |u>2 |- We show 
that either ni or n 2 is divisible by p, from which it follows that T has at most 2 
non-trivial coprime subdegrees. We argue by contradiction and we assume that ri\ 
and 712 are not divisible by p. In particular, each of H Ul and H U2 contains a Sylow 
p-subgroup of H . Therefore, from [25l Theorem 1] we have that H Ul = (N x Pi) nT 
and H U j 2 — (N xi P2) P\T with Pi and P2 maximal parabolic subgroups of GL(d,p), 
that is, 

p i = {( c ) I AeGL ( d ^)> GL ( d - d ^)' BeMat (^ x (<*-*)»p) 

where 1 < di < d — 1, for i = 1,2. For each i € {1, 2}, we have N < H Ui) and so, 
from the modular law, we obtain H Ui — N x (Pi n T). Therefore 

th = ]JET : H Ui \ = I GL(d,j>) nT : P t n T| = | GL(d,p) : P|, 
fori= 1,2. Since ni and ri2 are coprime, GL(d,p) = P\ P2, leading to a factorization 
of PGL(d,p) by two maximal parabolics. No such factorization exists, see for 
example [XSJ Table 1]. □ 

5. Classical groups 



In this section we prove Theorem 11.11 when the simple group T is a classical 
group. We use Aschbacher's theorem, which subdivides the maximal subgroups 
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Group 


Soluble case 


Isomorphisms 


PSL„(g) 


n=lor(n,g) = (2,2),(2,3) 




PSp„(g) 


(n,?) = (2,2),(2,3) 


PSp 2 (g)=PSL 2 ( 9 ) 


PSU„(g) 


n=lor(»,ff) = (2,2),(2,3),(3,2) 


PSU 2 ( 9 ) = PSL 2 (g) 


Pfin(g) 


n = 1 or (n, 9) = (3, 3) 


Ptt 3 (<z) = PSL 2 (g), Pn 5 (q) = PSp 4 (<z) 


™+(q) 


n = 2or(rc,g) = (4,2),(4,3) 


Pr>+(q)=PSL 2 (g)xPSL 2 (g) 
Pn+(q)=PSL 4 (q) 


p^;(«) 


n = 2 


PQ^(q)=-pSL 2 (q 2 ) 

P^(g)=PSU 4 (g) 



Table 1 . Some information on simple classical groups 



of the almost simple groups with socle T in nine classes Ci,...,Cg and S. In 
particular, in what follows we use the notation, the treatment and the terminology 
in QH Chapter 3 and 4]. 

We start with a preliminary proposition which will prove to be helful in the proof 
of the main result of this section. First we set some notation and some terminology. 

Notation 5.1. Let V be an n-dimcnsional vector space over a field ¥ q of size q 
and let V\ @ ■ • ■ ® Vt be a direct sum decomposition of V into t subspaces. Let H be 
a subgroup GL(V) leaving invariant each summand of this decomposition, that is, 
V/ 1 = Vi for all h € H and for all i G {l,...,t}. Let H be the linear group induced 
by H in its action on V,. Note that Hi centralizes Vj (that is, H acts trivially on 
Vj), for each j ^ i. We assume that, for each i G {1, . . . , £}, the subspace V, is an 
irreducible i/j-module. Fix i and j two distinct elements of {1, . . . , t}. We suppose 
that for each a; £ Hi, there exists aj G Hj with ciidj G H. (In particular, the 
element ciiCLj of H acts trivially on Vk, for each k ^ i,j-) Finally, we assume that 
for each i, the group Hi contains an element fixing no non-zero vector of V,. 



Proposition 5.2. Let V and Vi,...,Vt be as in Notation I5.il If t > 3, then 
V\ © • ■ ■ © Vt is the unique decomposition of V as a direct sum of irreducible H- 
submodules ofV. 

Proof. Assume that t > 3. Let U be an irreducible _ff-submodule of V. We show 
that U = Vi, for some i G {1, ...,£}, from which the proof follows. Let u be 
a non-zero element of U and write u = u\ + • • • + Ut with u% G Vi. Since u 7^ 
0, relabelling the direct summands {Vi\i if necessary, we may assume that u\ 7^ 
0. Using Notation 15.11 choose a\ G H\ fixing no non-zero element of V\. From 
Notation 15.11 we see that there exists a 2 G H<2 with a = aia 2 G H. Now, as a 
centralizes u 3 , . . . , u t , we obtain u — u a = {u\ — mJ 1 ) + (u 2 — u 2 2 ) G U R (Vi © Vjj). 
So, replacing u by u — u a if necessary, we may assume that u = U\ + u 2 G V\ © V 2 
and that Uj ^ 0. 

Since t > 3, from Notation 15.11 we see that there exists 03 G i?3 with b = 



ai<23 G H. Then u 



"1 



G U n Vi. So, replacing u by w - u if 



necessary, we may assume that u € Vj.. Since H acts irreducibly on U, we obtain 



U 



h G H) <V\. As Vl is an irreducible ii-module, we have U = V\. 



D 



We observe that Proposition 
the group 

H = 



does not hold for t = 2. Consider, for instance, 



ae¥ q \ {0} 
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of scalar matrices acting on the 2-dimensional vector space F;?. If Vi = (1, 0)F g and 
V 2 = (0, l)F q , then V = V± (B V 2 is a direct decomposition that satisfies Notation l5.ll 
with t — 1 (here the group induced by H on Vi is the multiplicative group of the 
field F q acting by multiplication). Clearly, every pair of 1-dimcnsional subspaces 
of V forms an H- invariant decomposition, and hence Proposition 15 . 21 does not hold 
for t = 2. 

Notation 5.3. Let V be an n-dimensional vector space over a field ¥ q of size q. 
We let G be a subgroup of GL(V) and we suppose that G = SL(V), or that V 
is endowed with a non-degenerate Hermitian, symplectic or quadratic form and 
G = SU(V), Sp(V) or tt e (V) (with e g {o, +, -}) respectively. Write T = G/Z(G) 
and assume that T is a nonabelian simple group. Assume that T is a transitive 
permutation group on 17 with pseudo- maximal point stabilizer T u . 

Let A be an almost simple group with socle T and M be a maximal sub- 
group of A with T <£ M and with T u = M n T. Suppose that M lies in the 
Aschbacher class C 2 , that is, M is the stabilizer in A of a direct sum decomposition 
Vi © ••• © 7 n/m of V. So, M is of type GL m (q) wr Sym(n/m) if T = PSL n (g), 
of type GU m (g) wrSym(n/m) if T = PSU„(g), of type Sp m (g) wrSym(n/m) if 
T = PSpJg), and of type oi(g) wr Sym(n/m) if T = P£7^(g) (see QH Chapter 3 
and 4.2] for details and terminology). 

Proposition 5.4. Let T, fl and M be as in Notation 15.31 If n/m > 3 and if 
(T,M) /(PSL n (2),GL 1 (2)wrSym(n)) ; (Pfi=,o£(2)wrSym(n/2)) or 
(PQ^(3), O2 (3) wr Sym(n/2)), then the kernel of the T u -action on the Vi fixes a 
unique point of VI. 

Proof. Let H be the subgroup of G leaving invariant each direct summand V. of 
V, let H be the projection of H in T^ and, for each i g {1, . . . , n/m}, let _ff^ be 
the matrix group induced by H in its action on F s . In particular, H is the kernel 
of the T w -action on the VI . Furthermore, we have Hi = GL(Vi), GU(Vi), Sp m (Vi) 
and 0*(V5) respectively. Note that H < T w . From [T31 Chapter 2], we see that 
Hi acts irreducibly on Vi, except when Hi = GLi(g) and q = 2, or Uj = O^C?) 
and q — 2,3. Furthermore, for each distinct i and j, and for each o^ g Hi, there 
exists aj € Hj with ajOj G i/. Finally, for each i, if Hi £= GLi(2), we see with a 
direct inspection that Hi contains an element fixing no non-zero vector of Vi . This 
shows that for Hi ^ GLi(2), O2 (2) and O2 (3) we are in the position to apply 
Proposition 15.21 

From Proposition l5.2| the group H fixes a unique direct sum decomposition of V 
in n/m vector spaces of dimension m. Assume that H fixes u/ and write uj' = ui 9 ', 
for some g € T. Let g £ G be an element projecting to g in T. Now, H fixes the 
direct sum decomposition Vf © • • • $ ^„ 9 / m ■ From Proposition 15. 2[ we obtain that 
7? stabilizes the direct sum decomposition V% © • • • © Ki/m ■ So from the maximality 
of M in A, we have that # g M ("1 T = T w and w' = w. □ 

Proof of Theorem A for the classical groups. By the results in Section 01 we may 
assume that T is one of: PSL„(g) for n > 2 with (n, q) 7^ (4,2) and, if n — 2, then 
g > 7 and g ^ 9; PSU„(g) with n > 3 and (n, g) ^ (3, 2); PSp„(g) with n > 4 and 
(n, g) ^ (4, 2); Pfi„(g) with n > 7 and ng odd; or Pfi„ (g) with n > 8 and n even. 
Write q — p^ for some prime p and some / > 1. We assume that T is transitive 
on and that, for w G 17, T w = T n M, where M is a maximal subgroup of some 
almost simple group A with socle T, and T % M. 
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In order to avoid a long list of exceptions in some general arguments that we use 
later in the proof, we first deal with the case T = PSL 2 (g) and we use Dickson's 
classification of the subgroup lattice of T (see [551 Section 3.6, Theorem 6.25, 6.26]). 
As above q > 7 and q ^ 9. If T u ^ Sym(3), Alt(4), Sym(4) or Alt(5) (that is, T u is 
as in [26] Theorem 6.25 (c)]), then by direct inspection we see that ^(T w ) < 2 and 
the result follows from Lemma l2T4l (applied with N = T^). Assume that M contains 
the stabilizer of a subfield of ¥ q , that is, T UJ =Mf]T = PSL(2, r) or PGL(2, r) for 
r = p s with s dividing / (that is, T w is as in [551 Theorem 6.25 (d)]). If r ^ 2 or 3, 
then from Proposition 12 . 71 each set of pairwise coprime non-trivial subdegrees of T 
has size at most two. If r = 2 or 3, then we have already dealt with these cases as 
PSL 2 (2) = PGL 2 (2) S Sym(3), PSL 2 (3) £* Alt (4) and PGL 2 (3) = Sym(4). 

Assume that M contains a parabolic subgroup, that is, T w is a Borel subgroup 
of T (here T u is as in [26l Theorem 6.25 (a)]). In particular, the action of T on il 
is permutation equivalent to the action of T on the projective line. Therefore T is 
2-transitive and has only one non-trivial subdegree, namely q. 

Assume that M contains the normalizer of a maximal torus of T, that is, T u 
is a dihedral group of order 2(g ± l)/gcd(2, q — 1) (here T u is as in [26j Theo- 
rem 6.25 (b)]). If T u is a 2-group, then every non-trivial subdegree of T is even. 
Suppose that T w is not a 2-group and let r be a prime with r \ \T U \ and r ^ 2. 
Let R be a Sylow r-subgroup of T u . From the description of the subgroup lattice 
of T in [26l Theorem 6.25, 6.26], we see that R is a Sylow r-subgroup of T and 
Nt(-R) < T u . In particular, from Proposition I2.10[ every non-trivial subdegree of 
T is divisible by r. This concludes the analysis for PSL 2 (g). 

Now, to avoid a few more small exceptions in the general arguments below we 
consider separately the cases where T = PSL 3 (3), PSL 3 (4), PSL 4 (3), PSU 3 (3), 
PSU4(3) and PSp 4 (3). In each of these groups, we see with a direct inspection with 
magma A t or with {{? that the theorem holds true. Finally, for the remaining cases 
we use Aschbacher's theorem and in particular we use extensively Tables 3.5^4-^ 
in [H. 



Case M € C\\ M is the stabilizer of totally singular or non-singular subspaces. 
We first consider the case that M is of type P m , that is, M is a maximal parabolic 
subgroup of A. In particular, M and, hence also T u , contain the normalizer of 
a Sylow p-subgroup of T. It follows from Proposition 12.101 that every non-trivial 
subdegree of T is divisible by p. 

Now suppose that M is of type GL m (g) © GL„_ m (g) if T — PSL„(q), of type 
GU m (q) i. GU„_ m (g) if T = PSU n (<z), of type S Pm (q) 1 Sp„_ m ( 9 ) if T = PS Pn ( 9 ), 
of type Om(?) JL £ „_ m (g) if T = Pfi„(g), of type £ m (l) ±- O e n _ m {q) if T = Pfi+(g), 
and of type 0„ 1 0~l m (g) if T = Pn~(<?). Note that, from 14, Table 3.5 A-F], we 
take m < n—m (except for T = Pfi„(g) and possibly for T — Pfi^(g)). Moreover, 
if T = Pfi~(g) and n — 2m, then m is even and M is of type 0„(?) J- 0™(<z) with 
PQ^(g') ^ Pfi~ (q) (see [TU Proposition 4.1.6]). With a direct inspection in each 
of these cases and using Table [TJ we see that either (i) : each simple direct factor 
of E(T a) )/Z(E(T w )) has multiplicity at most two and there exists a unique factor 
having size strictly bigger than the others, or (ii) : E(T a) )/Z(E(T u )) is the direct 
product of pairwise isomorphic simple groups, or (Hi) : T u is soluble. Indeed, (Hi) 
arises if and only if T = PSL„(g) and (n, m, q) = (3, 1, 2), (3, 1, 3), or T = PSU„(q) 
and (n, m, q) — (3, 1, 3), (4, 1, 2), or T = PQ n (q) and (n, m, g, e) = (7, 3, 3, +). In 
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each of these cases, we see from [TH Proposition 4.1.4, 4.1.6] that T w is a {2,3}- 
group. So n(Tu,) < 2 and the result follows from Lemma [2~4l Moreover, if (i) or (ii) 
holds, then from [TH Proposition 4.1.3-4, 4.1.6] Ct iu (E(T w )) is soluble and hence 
the theorem follows from Proposition 12. 91 or 12. 71 respectively. 

Now suppose that T — PSL„(g) and that M is of type P m>n -m- From pT4l 
Proposition 4.1.22], we see that M contains a parabolic subgroup (not necessarily 
maximal) of T . Therefore T u contains a Borel subgroup of T and so, T w contains 
the normalizer of a Sylow p-subgroup of T. Now from Proposition 12.101 every 
non-trivial subdegree of T is divisible by p. 

It remains to consider the case that T = Pf2„ (q) and M is of type Sp n _ 2 (q) with 
q even. From 14, Proposition 4.1.7], we see that Ct„(E(T w )) is soluble and that 
E(T u) )/Z(E(T a ,)) = PSp n _ 2 (?) i s simple. Therefore each set of pairwise coprime 
non-trivial subdegrees of T has size at most two, by Proposition ^. 71 

Case M e C 2 : M is the stabilizer of a direct sum decomposition. 
We first consider the case that M is of type GL n / 2 (q 2 ).2 if T = PS\J n (q), of type 
GL n/2 (q).2 if T = PSp„(g), of type GL n/2 (q).2 or O n /2(q) 2 (with n/2 > 5 odd) if 
T = Pn+(q), and of type 0„/ 2 (<?) 2 (with n/2 > 5 odd) if T = Pf2~(g). From [H 
Proposition 4.2.4-5, 4.2.7, 4.2.16], we see that C Tcij (E(T LJ )) is soluble, and that 
either E(T W )/Z(E(T U ,)) = S^ for some nonabelian simple group S 1 (here I = 1 or 
2) or T^ is soluble. In the former case, from Proposition 12.71 each set of pairwise 
coprime non-trivial subdegrees of T has size at most two. The latter case occurs 
only for T — PSp 4 (3), which we excluded from this analysis. 

In the rest of the proof of this case we use the detailed information on the Sylow 
normalizers of the Lie type groups in [22, Section 5]. Given a connected reductive 
algebraic group G defined over a finite field ¥ q and F : G — > G the corresponding 
Frobenius endomorphism, we adopt the terminology in [2 2) for the Sylow <I> e -tori 
of G and we refer to as Sylow $ e (g)-tori their subgroups of fixed points (under 
F) in the finite Lie type group G = G F . Furthermore, we deal with each family 
of classical groups separately. In fact, although the arguments are very similar in 
every case, there are some slight differences that can be presented neatly only by 
dealing with one family at a time. 

The groups T = PSL„(g). Assume that M is of type GL m (g) wrSym(n/m) with 
m > 1. Let F™ = V\ © ■ • • © V n / m be the direct sum decomposition preserved by 
T w and let H be the normal subgroup of T u fixing every direct summand Vi, for 
i 6 {1, . . . , n/m}. If m > 3, or m = 2 and q > 4, we see from [T4J Proposition 4.2.9] 
that Ct(T u ) is soluble and that E(T W )/Z(E(T W )) is isomorphic to a direct product 
of pairwise isomorphic nonabelian simple groups. So from Proposition 12. 7\ each set 
of pairwise coprime non-trivial subdegrees of T has size at most two. This leaves 
the cases m = 1, and (m,q) — (2,2) and (2,3). 

Assume next that m = 1. From the structure and from the order of T u we see 
that T u is the normalizer of a Sylow 4>i(g)-torus S\ of T, that is, T w = Nt(S'i). 
Recall that n > 3. Let r be the largest prime dividing q — 1. Now, if r > 3, or if 
r = 2 and q = 1 mod 4, then from [551 Theorems 5.14 and 5.19] we obtain that 
Nt(5i) contains the normalizer of a Sylow r-subgroup of T. I this case every non- 
trivial subdegree of T is divisible by r by Proposition 12.101 It remains to consider 
the case that either q — 2, or 2 and 3 are the only primes dividing q — 1. Assume 
that q — 2. If n < 4, then T u is a {2, 3}-group, so fJ,(T u ) < 2 and the result follows 
from Lemma 12.41 Suppose that n > 5 and let N be the last term of the derived 
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series of T u . From Lemma l3.2[ the group N fixes a unique point of Q, and the 
result follows from Lemmas 12.31 and 12.41 So, we may now assume that g^2. If 3 
divides g — 1, then from [2^ Theorems 5.14] we obtain that either Ny(5i) contains 
the normalizer of a Sylow 3-subgroup of T or n = 3. In the former case, every non- 
trivial subdegree of T is divisible by 3 from Proposition l2.10l In the latter case, as 
q — 1 is only divisible by the primes 2 and 3, we have that T u is a {2, 3}-group and 
the result follows from Lemma 12^41 Therefore, it remains to deal with the case that 
2 is the only prime dividing q — 1 and q = 3 mod 4, that is, q = 3. We do this in 
the following paragraph. 

Assume (to, q) = (1, 3), (2, 2) or (2, 3). If n/m < 4, then T w is a {2, 3}-group and 
the result follows from Lemma \2. 41 Suppose that n/m > 5. From Proposition [531 
the kernel H of the T^-action on the direct summands V% of V fixes a unique point 
of fi. In each case H is a {2, 3}-group and hence u(H) < 2 and the result follows 
from Lemma 12.41 The analysis for the remaining classical groups is very similar. 

The groups T = PSU n (g). Assume that M is of type GU m (q) wrSym(n/m) 
with to > 1. Let F™ 2 — V\ © • • • © K>/ m be the direct sum decomposition preserved 
by T u and let H be the normal subgroup of T u fixing every direct summand Vi , for 
i £ {1, . . . , n/m}. If 77i > 4, or if m = 3 and g > 3, or if m = 2 and g > 4, we see 
from [H Proposition 4.2.9] that C T (E(T W )) is soluble and that E(T W )/Z(E(T W )) is 
isomorphic to the direct product of pairwise isomorphic nonabelian simple groups. 
So from Proposition 12. 71 T has at most 2 non-trivial coprime subdegrees. We now 
consider the remaining cases, namely, m = 1 and (to, q) — (2, 2), (2, 3) and (3, 2). 

Assume that m = 1. Now the order of GUi (g) is divisible by g+1 and so T u is the 
normalizer of a Sylow <I>2(g)-torus S2 of T. Set r = 2 if g = 3 mod 4, or choose the 
largest prime r > 2 dividing g + 1 if g ^ 3 mod 4. From [22j Theorem 5.14, 5.19], 
we have that either T u contains the normalizer of a Sylow r-subgroup of T (and 
hence every non-trivial subdegree of T is divisible by r from Proposition 12.101) or 
n = 3 and r = 3. In the latter case, by our choice of r, the only primes dividing g + 1 
are 2 and 3. Since n — 3, we obtain that T u is a {2, 3}-group and by Lemma T2.4[ 
T has at most 2 non-trivial coprime subdegrees. 

Assume that (m,q) = (2,2), (2,3) or (3,2). If n/m < 4, then T u is a {2,3}- 
group and the result follows from Lemma 12.41 Suppose that n/m > 5. From 
Proposition l5.4[ the group if fixes a unique point of fl. As iJ is a {2, 3}-group, we 
obtain /i(-ff) < 2 and the result follows from Lemma \2. 41 

The GROUPS T = PSp„(g). Assume that M is of type Sp m (g) wr Sym(n/?7i) with 
to > 2 even. Let F" = V\ © • • • © V„/ m be the direct sum decomposition preserved by 
Tu and let if be the normal subgroup of T^ fixing every direct summand Vi , for i s 
{1, . . . , n/m}. If to > 4, or if m = 2 and g > 4, we see from [IJ, Proposition 4.2.10] 
that Ct(E(T w )) is soluble and that E(T a ,)/Z(E(T a ,)) is isomorphic to a direct 
product of pairwise isomorphic nonabelian simple groups. So from Proposition ^. 7\ 
T has at most 2 non-trivial coprime subdegrees. We now consider the remaining 
cases. 

Assume that (to, g) = (2,2) or (2,3). If n/m < 4, then T u is a {2,3}-group 
and hence the result follows from Lemma 12.41 Suppose that n/m > 5. From 
Proposition [53J the group H fixes a unique point of Q. As H is a {2, 3}-group, we 
obtain u(H) < 2 and the result follows from Lemma \2. 41 

The GROUPS T = Pil n (q) (n odd). Assume that M is of type Om(g) wrSym(n/TO) 
with to > 1 (where g = p > 3 if to = 1) . Let F^ = Vi © • • • © V n / m be the direct sum 
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decomposition preserved by T^ and let H be the normal subgroup of T u fixing every 
direct summand Vi, for i G {1, . . . , n/m}. If to > 5, or if m = 3 and g 7^ 3, we see 
from [14, Proposition 4.2.12] that C T (E(T W )) is soluble and that E(T W )/Z(E(TL,)) 
is isomorphic to a direct product of pairwise isomorphic nonabelian simple groups. 
So from Proposition 12.71 T has at most 2 non-trivial coprime subdegrees. We now 
consider the remaining cases. 

Assume m — 1 or (m, g) = (3, 3). Note that Oi(q) has order 2 and is generated 
by — 1. If n/m < 4, then T w is a {2,3}-group and hence the result follows from 
Lemma [2.41 Suppose that n/m > 5. From Proposition 15.41 the group iJ fixes a 
unique point of fi. As H is a {2, 3}-group, we obtain /i(i?) < 2 and the result 
follows from Lemma [231 



The GROUPS T = Pfi+(g) (neven). Assume that Mis of type Om(g) wrSym(n/TO) 
with e G {o, +, — } (where e n l m = + if to is even) and with g = j»>3ifm = l. Let 
F™ = Vi © • • • © V n / m be the direct sum decomposition preserved by T u and let H be 
the normal subgroup of T u fixing every direct summand Vi, for i G {1, . . . ,n/m}. 
If m > 5, or if m — 4 and q > 4, or if m — 4 and e = — , or if m — 3 and 
g 7^ 3, we see from [H Proposition 4.2.11, 4.2.14] that C T (E(T W )) is soluble and 
that E(T W )/Z(E(T W )) is isomorphic to a direct product of pairwise isomorphic 
nonabelian simple groups. So from Proposition 12.7) T has at most 2 non-trivial 
coprime subdegrees. We now consider the remaining cases. 

Assume that m = 1, or (to, g, e) = (3, 3, o), (4, 2, +) or (4, 3, +) (recall from [T41 
Table 4.2 A) that if to = 1 then q = p > 3). In each of these cases, H is a {2, 3}- 
group. If n/m < 4, then T w is a {2, 3}-group and hence the result follows from 
Lemma [2.41 Suppose that n/m > 5. From Proposition 15.41 the group H fixes a 
unique point of fi, /i(-ff) < 2 and the result follows from Lemma T2. 41 

Assume to = 2. Note that if e = — , then n/2 is even because e n l 2 = +. Now, 
Oj^(g) is a dihedral group of order 2(g — 1), and C>2~(g) is a dihedral group of order 
2(g + 1). The largest power of the polynomial x — 1 dividing the generic order of 
Pf2^ is n/2. Similarly, if n/2 is even, the largest power of the polynomial x + 1 
dividing the generic order of P^ is n/2. Therefore, considering the structure of 
T w and its order, we obtain that T w is the normalizer of a $i(g)-torus S\ of T 
if e = + and is the normalizer of a <&2(g)-torus S2 of T if e = — . Assume first 
that e = — . Set r = 2 if g = 3 mod 4, or choose a prime r dividing g + 1 and 
coprime to q — 1 if g ^ 3 mod 4. From [251 Theorem 5.14, 5.19], T^ contains the 
normalizer of a Sylow r-subgroup of T. In this case every non-trivial subdegree of 
T is divisible by r by Proposition ^. 101 Assume now that e = +. Then each Vi is 
a hyperbolic plane for its stabilizer Mi = Otil) i n M. As any hyperbolic plane 
contains exactly two isotropic lines, then M is the stabilizer in A of a decomposition 
of V in 1-dimensional spaces. So we are back to the case m = 1, which has already 
been considered. 

The GROUPS T = il~ (g) (n even). Assume that M is of type 0„(g) wrSym(n/r7i) 
with e G {o, -} and with g = p > 3 if to = 1. Let F™ = Vi • • • © K/m be the 
direct sum decomposition preserved by T^ and let -ff be the normal subgroup of 
T w fixing every direct summand Vi, for i G {1, . . . , 7j/to}. If to > 4, or if to = 3 
and q ^ 3, we see from QH Proposition 4.2.11, 4.2.14] that C T (E(T W )) is soluble 
and that E(T W )/Z(E(T W )) is isomorphic to a direct product of pairwise isomorphic 
nonabelian simple groups. So from Proposition 12.71 T has at most 2 non-trivial 
coprime subdegrees. 
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Assume that to = 1 or (m,q) = (3,3) (recall that if m = 1 then q = p > 3). 
In each of these cases, if is a {2,3}-group. If n/m < 4, then T u is a {2, 3}-group 
and hence the result follows from Lemma 12.41 Suppose that n/m > 5. From 
Proposition 15.41 the group H fixes a unique point of fl, u(-ff) < 2 and the result 
follows from Lemma \2. 41 

Assume that to = 2. Note that from [JJ] Table 3.5F], n/2 is odd. Now, 0^"(g) 
has order divisible by q + 1. Since n/2 is odd, the largest power of the polynomial 
x + 1 dividing the generic order of Pfi~ is n/2. Therefore, considering the structure 
of T u and its order, we obtain that T u is the normalizer of a $2(<z)-torus of T. Set 
r = 2 if q = 3 mod 4, or choose a prime r dividing q + 1 and coprime to g — 1 
if g ^ 3 mod 4. From [22] Theorem 5.14, 5.19], T w contains the normalizer of a 
Sylow r-subgroup of T. So every non-trivial subdegree of T is divisible by r from 
Proposition 12.101 

Case M € C3 : Af is the stabilizer of a structure on V as an n/r-dimensional space 
over an extension field of ¥ q of prime index r. 

From [14, Tables 3.5A-F], we see that M is of type GL m (<f ) if T = PSL n (g), 
of type GU m (<f ) if T = PSU„(<z), of type Sp m (<f ) or GU n/2 (g) (with Q odd) if 
T = PSp„(g), of type O n/r (q r ) (with n/r > 3) if T = PCl n (q), of type GU„ /2 (g), 
0+ /r (g r ) (with n/r > 4), or 0„/ 2 (<Z 2 ) (with nq/2 odd) if T = Pn+(q), and of type 
GU„ /2 (g), 0~ /r (q r ) (with n/r > 4), or O n/2 (q 2 ) (with nq/2 odd) if T = PSl~(q). 
From [TU Section 4.3], the group Ct„(E(T w )) is soluble. Furthermore, in each 
of the cases, considering the restrictions on n, q and r that we have given above, 
we see from Table [Q that either T u is soluble or E(T W )/Z(E(T W )) ^ ^ for some 
nonabelian simple group S (where £ = 1, or 1 — 2 if T = PSXf~ r (g) and M is of type 
0^(9 r ))- In the latter case, the theorem follows from Proposition 12. 71 Assume now 
that T^ is soluble. Since we are excluding T — PSp 4 (3), with a direct inspection 
we see that T = PSL r (q) or PSU r (q), and in particular that r > 3. 

From [TU Proposition 4.3.6] , the group T u is isomorphic to Z a x Z r with a = (q r — 
e)/{{q - s) gcd(<? - e, r)) (here e = 1 if T = PSL r (q) and £ = -1 if T = PSU r (q)). 
In particular, X^ is the normalizer of a $i(q)-torus of T if T = PSL r (g) and is 
the normalizer of a $2(<?)-torus of T if T = PSU r (g). From Zsigmondy's theorem, 
we see that there exists a prime s dividing q r — e and coprime to q l — e for every 
i G {1, . . . , r — 1} (note that r > 3 is prime and that we are excluding PSU3(2) since 
it is soluble). Clearly, s > 3. Moreover if 3 divides q r — e, then q — e = (mod 3) 
if e = — , and q 2 — e = (mod 3) if e = +; since r > 3, this implies that s ^ 3. 
Thus s > 3. From [22, Theorem 5.14], we obtain that T u contains the normalizer 
of a Sylow s-subgroup of T, and hence every non-trivial subdegree of T is divisible 
by r by Proposition ^. 101 

Case M G C4: M is the stabilizer of a tensor product decomposition. 
From [14, Section 3.5], we get that M is of type GL m (g) ® GL n / m (q) if T = 
PSL„(g) (with n ^ m 2 ), of type GU m (q) ® GU n/m (q) if T = PSU„(<7) (with 
n ^ rn 2 ), of type Sp m (g) ® 0^ /m (g) if T = PSp n (g), of type O m (q) ® 0„/m(?) 
(with n 7^ to 2 ) if T = PO n (q), of type Sp m (g) €5 Sp n / m (g) (with n / m 2 ) or 
0^(<z)®0^ 2 /m (?) ifT = Pfi+fa), andoftypeO m ((?)®0; /m (<z) ifT = Pfi"(ff). Note 
that if T = PSp„((7), then g is odd (see [TU Table 3.5(7]). With a direct inspection 
(using Proposition 4.4.10-12, 4.4.14, 4.4.17, 4.4.18]) we see that C Tu (E(T u )) 
is soluble. We claim that either (i) : T u is soluble, or (ii) : E(T u ,)/Z(E(T a) )) is 
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a direct product of (at least one) isomorphic simple groups, or (Hi) : each simple 
direct factor of E(T ta ,)/Z(E(T w )) has multiplicity one, or (iv) : T = PSp 4m (g) 
and M is of type PSp m (g) <g> SL 2 (g) <g> SL 2 (g), or T = Pttj m (q) and M is of type 
O e m (q)®SL 2 (q)®SL 2 (q). 

As usual, (i) occurs only for small values of n and g. (Recall that q is odd if T = 
PSp n (g), and m,n/m > 4 if e x = e 2 = + and T = P£l+(g) [HI Proposition 4.14].) 
Namely, (i) arises when n = 6, q = 2 and T = PSUg(2), when n — 6,8, q = 3 
and T = PSp„(g) (here M is of type Sp 2 (3) ® 03(3) or Sp 2 (3) <g> O4 (3)), and when 
n = 12, g = 3 and T = PfJ+(g) (here M is of type 3 (3) <g> Oj(3)). In each of these 
cases, from [HI Proposition 4.4.10, 4.4.14, 4.4.17] we see that M is a {2,3}-group. 
Thence /x(T w ) < 2 and the theorem follows from Lemma [2~4l 

Now we consider (ii). Again this occurs in a small list of cases, typically when 
one of the two central factors in the type of M is soluble. Namely, (ii) arises for T = 
PSL„(g) when m = 2, q = 2, 3; for T = PSU n (g) when (m, q) = (2, 2), (2, 3), (3, 2); 
for T = PSp„(g) when m = 2 and q — 3, or n = 3m and q — 3, or n — Am and 
q = 3, or n = 20 (here M is of type Sp 4 (q) €5 05(g)), or n = 6 (here M is of type 
Sp 2 (g)® 3 (g)), or n = 8 (here M is of type Sp 2 (g)®0^(g)); for T = Pfi n (g) when 
to = 3, g = 3 (recall that n ^ to 2 ); for T = PO^"(g) when m = 2 and g = 2, 3, or 
to = 3 and g = 3 (here M is of type 03(g) <8> 0^ 2 / 3 (g)), or to = 4 and g = 3 (here 
M is of type 04(g)" 1 " <8> 0^/ 4 (g)); for T = Pf2~(g) when to = 3, g = 3. In each of 
these cases, from Proposition 12 . 71 the result follows. 

Now, if E(T a) )/Z(E(T a ,)) is as in (m), then from Proposition 1231 the group T 
has at most two non-trivial coprime subdegrees. 

Finally, with a direct inspection on the type of M, we see that if (i), (ii) and (Hi) 
do not hold, then both central factors of M are insoluble and one of the two is the 
central product of smaller quasisimple groups. From Table [TJ this happens only 
when O^(g) is one of the central factors of M. Now from [Ml Table 3.5 A — F], we 
see that either T — PSp 4m (g) or T = Pi}^ m (q) and our claim is proved. In (iv) we 
may use Proposition 12.91 to conclude that T has at most two non-trivial coprime 
subdegrees. 

Case M G C5: M is the stabilizer of a subfield of ¥ q of prime index r. 
From [H Section 3.5], M is of type GL„(g 1 /'") if T = PSL„(g), of type GU„(g 1 / r ), 
0= (ff) or S Pn (g) if T - PSU„(g), of type Sp n (g 1 /'') ]£T = PSp„(g), of type On(q 1/r ) 
if T = PQ n (g), of type 0+(g 1/r ) or O^Cg- 1 ) if T = PO+(g), and of type ? T(g 1/r ) 
if T = P^-(g). Since we are excluding the cases T = PSU 3 (3) and PSU 4 (3), 
the group E(T W )/Z(E(T W )) is either simple, or a direct product of two isomorphic 
simple groups (which occurs when T — PSU 4 (g) and M is of type O^(g)), or 
T = PSU 3 (2 r ). In the third case, we see from [H Proposition 4.5.3 (II)], that 
M is a {2, 3}-group, and then fJ,(T u ) < 2 and the result follows from Lemma [2.41 
In the remaining cases, from [Ml Proposition 4.5.3-6, 4.5.8, 4.5.10], we see that 
Ct^(E(T w )) is soluble and so, from Proposition 12. 7\ T has at most two non-trivial 
coprime subdegrees. 

Case M s Cq: M is the normalizer of an extraspecial r-group in an absolutely 
irreducible representation. 

From [H Section 3.5], the group M is of type r 2m Sp 2m (r) if T = PSL n (g) or T = 
PSU„(g) (with n = r m ), of type 2 1+2m OJ m (2) if T = PS Pn (g) (with n = 2 m ), and 
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of type 2 1 + 2m 0t m {2) if T = P0+(?) (with n = 2 m ). From [14, Proposition 4.6.5- 
6, 4.6.8-9], we see that Ct u (E(T w )) is soluble. Furthermore, since we are excluding 
the group PSL2(g) (which we studied in the first part of the proof), from Table Q] 
we have that T w is soluble if and only if T = PSL 3 (g), PSU 3 (g). (Recall that n > 4 
if T = PSp n (q) and n > 8 if T = Pfi+fa)-) If T = PSL 3 (g) or PSU 3 ( 9 ), then with 
a direct inspection of the structure of M described in [Ml Proposition 4.6.5-6], we 
see that Mis a {2,3}-group and so /x(TL) < 2. Hence from Lemma \2. 41 the group 
T has at most two non-trivial coprime subdegrees. 

It remains to consider the case that M is insoluble. Let TV be the last term of the 
derived series of M. Since M/T^ is soluble, we have N < T u . Furthermore, from 
the group structure of M, the group N contains a characteristic r-subgroup R with 
N/R S Sp 2m (r) if T = PSL„(g), PSU„(g), with N/R = (0^,(2))' if T = PSp n ( 9 ), 
and with N/R £ (0£ m (2))' if T = PO+(g). 

From Lemma l3~2"1 the group AT fixes only the point uj of Vt. We show that /i(iV) < 
2, from which the theorem follows (in this case) from Lemma l2.4l From Lemma l3.ll 
we have n(N) < 3. If fi(N) < 2, then the result follows from Lemma \2 .41 Suppose 
that n(N) = 3 and let Ai,A%, A3 be three maximal subgroups of N having pairwise 
relatively prime indices in N. Let U be the normal subgroup of TV with R < U 
and with N/U simple (that is, U/R — Z(N/R)). From Lemma [3TT1 relabelling the 
Ai if necessary, we have that r divides |JV : A 3 \ and that N = (A 1 /U)(A 2 /U) is a 
maximal factorization of the simple group N/U with gcd(|7V : Ai|, \N : A2I) = 1. 
Therefore (N/U,Ai/U,A 2 /U) is one of the triples in [TO] Table lj. Suppose that 
T = PSL„(g) or PSU„(g), that is, N/U S PSp 2m (r). From [EJl Table 1], we 
see that r divides |JV : A\\ or \N : A2I, contradicting the fact that \N : A$\ 
is coprime with \N : A±\ and with \N : A 2 \. Now suppose that T = PSp n (g), 
that is, N/U = Pf7 2rn (2). (Recall that r = 2.) From [TOj Table 1] we see that 
POj(2) = PSL 2 (4) and Pfi^(2) = PSU 4 (2) are the only orthogonal groups P0^"(2) 
admitting a coprime factorization. Furthermore, 2 divides \N : A\\ or \N : A%\, 
a contradiction. Finally suppose that T = Pfl^(q), that is, N/U = Pf22 m (2). 
From [TU1 Table 1], we see that 2 divides |JV : A±\ or |JV : A%\, again a contradiction 
because r = 2. 

Case M G C7: M is the stabilizer of a homogeneous tensor decomposition of V. 
From lU Section 3.5], we have that the group M is of type GL m (g) wr Sym(i) if 
T = PSL„(g) (with m > 3), of type GU m {q) wrSym(t) if T = PSU„(g) (with m > 3 
and (to, g) ^ (3, 2)), of type Sp m (q) wrSym(i) if T = PSp„(g) (with gi odd, m > 2 
and (m,q) ^ (2,3)), of type O m (q) wr Sym(n/m) if T = Pfi„(g) (with to > 3 and 
(m,«) # (3,3)), of type Sp m (g) wrSym(t) (with to > 2 and (m,q) ± (2, 2), (2, 3)) 
or Om(q) wrSym(t) (with q odd, and m > 6 if e = + and to > 4 if e = — ) if 
T = PVL+(q). In particular, from Table [TJ we see that E(T W )/Z(E(T W )) is a direct 
product of isomorphic simple groups. Furthermore, from [141 Proposition 4.7.3- 
5, 4.7.6-8] we see that Cr„(E(T w )) is soluble. Now as usual from Proposition 12. 71 
we obtain that T has at most two non-trivial coprime subdegrees. 

Case M £ C%: M is a classical subgroup. 

From [TU Section 3.5], we see that the group M is of type Sp„(g), O e n (q) or 

SU„(g 1 / 2 ) if T = PSL„(g), and of type 0±(q) if T = PSp„(g) and q is even. 

Since we are excluding the cases T = PSL 3 (3), PSL 3 (4), PSL 4 (2), PSL 4 (3) and 
PSp 4 (2), the group E(T W )/Z(E(T W )) is either simple or a direct product of two 
isomorphic simple groups (in fact, the latter case occurs when T — PSL 4 (g) or 
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PSp 4 (q) and M is of type O4 (?))• From |14[ Proposition 4.8.3-6], we see that 
Ct(E(T w )) is soluble and so, from Proposition 12. 7\ T has at most two non-trivial 
coprime subdegrees on Q. 

Case M e S. 

Since M/T u is soluble, we have E(M) = E(T W ). From the definition of the 
class <S in [TH Chapter 1], we have that E(Af) is a nonabelian simple group and 
C Aut(T) (E(M)) = 1. Thus E(T W ) is simple and C T (E(T W )) = 1. In particular, 
from Proposition 12 .71 T has at most two non-trivial coprime subdegrees on £7. The 
proof of Conjecture A' for finite classical groups is now complete. □ 

6. Exceptional groups of Lie type 

Proof of Theorem A for the exceptional groups of Lie type. Write q = pf for some 
prime p and some / > 1. The group T is one of the following exceptional simple 
groups: Fi(q), G2O) (with q > 2), Ee(q), E 7 (q), Es(q), 2 B 2 (q) (with p = 2 and 
/ = 2/' + 1, where /' > 1), 3 D 4 (g), 2 Ga(g) (with p = 3 and / = 2/' + 1, where 
/' > 1), 2 F4(g) (with p = 2 and / > 2) and 2 E 6 (<?)- The group 2 .F 4 (2) is not 
simple and the Tits group 2 Fi(2)' will be considered in Section [7] together with the 
sporadic simple groups. 

For the proof of this result we use [19] . Liebeck and Seitz [19[ Theorem 2] give 
a reduction theorem to describe the maximal subgroups of the finite exceptional 
groups (and their automorphism groups) similar to the well-known result of As- 
chbacher [2] for the finite classical groups. They show that M is either in one of 
five well specified families listed in [19l Theorem 2 (a)-(e)] or is contained in the 
automorphism group of a finite simple group. In the latter case, as M/T^ is sol- 
uble, the group F*(T W ) is simple and the theorem follows from Remark 13.31 and 
Proposition 12.71 This shows that in the rest of this proof we may assume that M 
is in one of the five families described in [THl Theorem 2 (a)-(e)]. 

The GROUP M is AS in pjjj Theorem 2 (a)]. 

In this case, M — Nyi(-D), where D is either a parabolic subgroup of T or D 
is given in [20j Theorem, Table 5.1 and 5.2]. In the former case, T w contains 
a parabolic subgroup of T and hence a Borel subgroup of T. In particular, T w 
contains the normalizer of a Sylow p-subgroup of T and the theorem follows from 
Proposition 12.101 

Assume that D is as in [20l Table 5.1]. Now the structure of T^ is described 
in the second column of [20l Table 5.1]. With a direct inspection we see that 
in each case C T JE(T W )) is soluble and either (i): E(T W )/Z(E(T W )) is the direct 
product of pairwise isomorphic simple groups, or (ii): E(T w )/Z(E(T a; )) is the direct 
product of simple groups having multiplicity at most 3 and with a unique factor 
of largest order, or (Hi): T = G2(3) and T u is of type 2.(L 2 (3) x L 2 (3)).2, or (iv): 
T = E 7 (3) and T w is of type 2 3 .(L 2 (3)) 7 .2 4 .L 3 (2), or (v): T = E 8 (3) and T M is 
of type 2 4 .( J L 2 (3)) 8 .2 4 .AGL 3 (2) (here we are using the notation in [201 Table 5.1]). 
In particular, in (i) and (ii) the theorem follows from Proposition 12.71 and 12.91 
respectively. In (Hi), we see that T^ is a {2,3}-group, ^(T^) < 2 and the result 
follows from Lemma \2. 41 Now assume that T and T^ are as in (iv) or (v). Then 
T w contains a Sylow 2-subgroup of T. As the Sylow 2-subgroups of T = E7(3) and 
T = Es(3) are self-normalizing (see |T6j Theorem 6] or [1J2 Corollary]), then we are 
done by Propositon l2.10l 
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Assume that D is as in [20J Table 5.2]. Suppose that T is not a Suzuki group 
or a Ree group, that is, T is not 2 B2(<?), 2 ¥±(q) or 2 G2(g). Then with a direct 
inspection on the order of T and on [201 Table 5.2], we see that T w is the normalizer 
of a Sylow $ e (<7)-torus of T, for some e. For instance, in the last row of [20l 
Table 5.2], we have that T = Es(q) and T u =Tn Na(-D) where I? is a torus of 
T of order (q 2 — q + l) 4 . In particular, since $s(q) = q 2 — q + 1 and since 4 is 
the largest power of the polynomial x 2 — x + 1 dividing the generic order of Es, we 
obtain that D is a $6 (<?) _ torus of Es(<?)- Suppose that g e — 1 has a primitive prime 
divisor r with r > 3. It follows from [221 Theorem 5.14] that either T w contains 
the normalizer of a Sylow r-subgroup of T, or T = 62(9), J" = 3 and g = 2,4,5, 
or 7 mod 9. In the former case, every non-trivial subdegree of T is divisible by r, 
by Proposition 12.101 For the latter case, we note that in |20[ Table 5.2] we have 
q = 3-* if T = G2(q)- Hence 3 does not divide q e — 1 and the latter case does not 
arise. It remains to consider the case that either q e — 1 has no primitive prime 
divisors, or 2 is the only primitive prime divisor of q e — 1. Clearly, this happens if 
and only if e = 2 and q + 1 is a power of 2, or (e, q) = (6, 2), or e = 1 and q — 1 is 
a power of 2. Suppose that e = 1 and g = 1 mod 4, or e = 2 and q = 3 mod 4. 
It follows from [221 Theorem 5.19] that T w contains the normalizer of a Sylow 2- 
subgroup of T and hence, from Proposition 12.101 every non-trivial subdegree of T 
is divisible by 2. Therefore, it remains to consider the case that (e, q) = (6, 2) or 
(1, 3). Suppose (e, g) = (1, 3). A direct inspection in [20l Table 5.2] shows that if D 
is a $i(g)-torus of T, then q > 3 (see the "Condition" column in [2Ql Table 5.2]). 
Suppose that (e,q) — (6, 2). Again a direct inspection in [20j Table 5.2] shows that 
if D is a <I > 6( ( ?)-torus of T (that is, D has order a power of q 2 — q + 1), then q — 2 
is permitted only if T = 3 D4(<?) (see the "Condition" column in [2H1 Table 5.2]). 
Now, if T = 3 Di(q), q = 2 and T w is the normalizer of a $6('?)-torus of T, then 
from [20l Table 5.2] we see that T^ is a {2, 3}-group and the theorem follows from 
Lemma 12.41 

Suppose that T is a Suzuki group or a Ree group. Malle in [22J Section 8] 
investigates the Sylow normalizers of T. We use the notation and the terminology 
from [22] Section 8]. Then with a direct inspection of the order of T and of [20l 
Table 5.2], we see that T w is the normalizer of a Sylow $( r )(g)-torus of T, for a 
suitable prime r different from the defining characteristic of T. It follows from [22[ 
Theorem 8.4] that either (i) : T u contains the normalizer of a Sylow r-subgroup of 
T, or (ii) :T = 2 G2(3 2/+1 ), r = 2 and D is the torus of size q + 1, or (m) : T = 
2 F 4 (2 2/+1 ), r = 3, D is the torus of size (q + l) 2 and 2 2 - f+1 = 2,5 mod 9. In (i), 
every non-trivial subdegree of T is divisible by r, by Proposition 12.101 Suppose 
that (ii) holds. We may assume that 2 is the only prime dividing q + 1 (otherwise 
we may apply [22J Theorem 8.4] to a prime r' ^ 2 dividing q + 1 and we obtain that 
T u contains the normalizer of a Sylow r'-subgroup). Now, as q = 3 2 ^ +1 , we have 
that q + 1 is a power of 2 only if / = 0, that is, T — 2 G2(3) (which we excluded 
from our analysis). Finally assume that (in) holds. Here we have <&( r '(q) = q+1. 
Also, again arguing as in (ii) we may assume that q + 1 is a power of 3. Now, [201 
Table 5.1] shows that T^ is a {2, 3}-group and the result follows from Lemma \2. 41 



The group M is as in [19j Theorem 2 (b)] . 

We have M = Nx(-E), where E is the elementary abelian r-group given in [7j 
Theorem 1 (II)] (here r ^ p). We have T w = N T (E). The pair (T,E) and the 
structure of Ct(E) and of Ny(£) are as in ]7, Table 1]. We have nine rows to 
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consider. If (T, E) is in the 5 th , 8 th or 9 th row of Table 1], then E(T W ) is simple, 
Ct„(E(To,)) is soluble and the result follows from Proposition 12.71 Assume that 
(T,E) is in the 2 nd row of Table 1], that is, T = 2 G 2 (3)'. As T = PSL 2 (8), the 
proof in this case was given in Section [5) 

Finally, suppose that (T,E) is one of the remaining cases: 1 st , 3 rd , 4 th , 6 th 
or 7 th row of ,7, Table 1]. With a direct inspection we see that T u contains a 
normal r-subgroup R with T^/R a simple group (note that SL 3 (2),SL 3 (3), SL 5 (2) 
and SL3(5) are simple). We claim that /J,(T U ) < 2, from which the theorem follows 
from Lemma 12.41 We argue by contradiction and we assume that (J-(T U ) > 3 and 
let {Ai, .4.2, ^3} be three maximal subgroups of T w having pairwise relatively prime 
index in T u . From Lemma 13. 1[ relabelling the Ai if necessary, r divides \T U : A^\ 
and T u / R = (A\/ R)(A\/ R) is a maximal coprime factorization of T u /R (here note 
that Z{Tu/R) = 1 because T^/R is simple). Therefore (T u /R,Ai/R,A 2 /R) is one 
of the triples in JTUl Table 1] . A direct inspection of T u /R, of r and of the maximal 
coprime factorizations oiT^/U in |T0l Table 1], shows that r divides either \T U : A\\ 
or |T W : A2I, a contradiction. 

The group M is as in [19j Theorem 2 (c)] . 

Here M is the centralizer of a graph, field, or graph-field automorphism of T of 
prime order r (see [12l Dehnition 2.5.13] for a definition of these terms). In this 
case, the structure of M is described in JT2J Section 4.4]. Here we use the notation 
in [TJ]. Write T — d S(<?), where S is the Lie type of T, q is the characteristic 
and d = 1,2,3. We first consider the case that M is the centralizer of a field 
automorphism x. Recall that 2 B 2 (2) = 5:4. From 12, Proposition 4.9.1], we 
have that E(M)/Z(E(M)) ^ d H(q^ r ). Since S G {E,F,G,B,D}, we obtain that 
E(M)/Z(E(M)) and hence E(T W )/Z(E(T W )) is simple except for T = 2 B(2 r ). 
Furthermore, from [T2j Chapter 4], the group Ct„(E(T w )) is soluble. Therefore, 
if T / 2 B 2 (2 r ), the result follows from Proposition O If T = 2 B 2 (2 r ), then 
M = (5 : 4) x r, T u = 5 : 4, T w is a {2, 5}-group and the result follows from 
Lemma 12.41 

Assume that s is a graph-field automorphism. Recall that from [TJ1 Defini- 
tion 2.5.13], we have T = 62(9), F4(g) or Ee(?)- From [HI Proposition 4.9.1], we 
haved = 1, r = 2, 3 and E(M)/Z(E(M)) = r £(g 1 / r ). In particular, E(M)/Z(E(M)) 
is simple. Furthermore, from [TJ1 Chapter 4], the group Ct„(E(T w )) is soluble and 
so the result follows from Proposition 12.71 

If remains to study the case that x is a graph automorphism. Recall that 
from [121 Definition 2.5.13 (6), (d)] the groups 2 B 2 (<?), 2 F 4 (<?), 2 G 2 (q), F 4 (<?) and 
G2(<z) do not admit graph automorphisms. In particular, T = Ee(9), 2 Ee(<7) or 
3 D 4 (<?)- We consider separately T — 3 D4(2) and we use [8]. With a direct in- 
spection on the maximal subgroups of T, we see that either T u contains the nor- 
malizer of a Sylow subgroup of T (and hence the theorem follows from Proposi- 
tion ^. 10) h or E(T W ) is simple and Ct^(E(T w )) is soluble (and hence the theorem 
follows from Proposition 12 .7[) . or T u is a {2,3}-group (and hence the theorem fol- 
lows from Lemma |2.4[) . Now we continue the proof for the remaining groups. Note 
that from [TJJ Sections 4.5, 4.7 and 4.9] the group Ct„(E(T u )) is always solu- 
ble. From [121 Proposition 4.9.2 (&)], we see that for T = Ee(q) or 2 Eg(q) we 
have E(T a) )/Z(E(T u )) = F 4 (<?) if p = r = 2, and for T = D A (q) or 3 D 4 (<?) we have 
E(T ta ,)/Z(E(T a ,)) = G 2 (<?) if p = 3. Moreover, from [El Tables 4.5.1 and 4.7.3A], we 
see that for T = E 6 (<?) or 2 E 6 (<?) we have E(T W )/Z(E(T U )) = F 4 (<?) or C 4 (g) if p ^ 2 



COPRIME SUBDEGREES 21 

(depending on the conjugacy class of x), for T — D4(<?) we have E(T w )/Z(E(T a) )) = 
G 2 (<z) if p + 3, and for 3 D 4 («) we have E(T W )/Z(E(T U )) S PSL 3 (g) or PSU 3 (g) 
(depending whether g = 1 mod 3 or q = — 1 mod 3 respectively). In particular, 
in each of these cases (as we are excluding 3 D4(2)) we may use Proposition 12 . 71 and 
the theorem follows. 

The group M is as in [19j Theorem 2 (d)]. 

In this case, T = Es(q), p > 5 and F*(M) = Alt (5) x Alt (6) or Alt (5) x PSL 2 (<?). 
Since M/T^ is soluble, we have F*(M) = F*(T W ) and hence the theorem follows 
from Proposition [ 



The GROUP M is AS in [HJ Theorem 2 (e)]. 

In this case, F*(M) = F*(T W ) is described in detail in Table III]. With a direct 
inspection, we see that either F*(T W ) is the direct product of two nonabelian simple 
groups, or T = Es(?) and F*(T W ) = E(T W ) = PSL 2 (g) x Ga(?) X Ga(?) with p > 2 
and g > 3. In the former case, the theorem follows from Proposition 12.71 (if the 
two simple groups are isomorphic) or Proposition [279] (if the two simple groups are 
non- isomorphic) . 

Suppose that T = E 8 (g) and write N = F*(T W ) * PSL 2 (<?) x Ga(?) x Ga(ff). 
Since T^/N is soluble, the group TV is clearly the last term of the derived series of 
T u . From Lemma [3.21 N fixes only the point u> of fi. We claim that /j,(N) < 2. 
Conjecture A' will follow from this claim and Lemma [2. 41 

It remains to prove that p,(N) < 2. Write TV = Si xS 2 xS 3 with Si = S 2 = G2(q) 
and S 3 = PSL 2 (q). We see from [TO] Table 1] that /x(PSL 2 (g)) < 2 and that, for any 
two maximal subgroups Mi and M 2 of G2{q), the indices | 62(9) : M\\ and | 62(9) : 
M%\ are divisible by a non-trivial common factor. Suppose now that A\, A2, A3 are 
maximal subgroups of N of pair wise coprime indices. If ^3, say, projects onto each 
of the three simple direct factors {Si, S2, S3} of N, then A3 = D X S3 where D is a 
diagonal subgroup of Si x S 2 = 62(9) X 62(9)- As | PSL 2 (g)| divides | 62(9)!, thrs 
implies that |iV : ^.3 1 is divisible by the orders of each of the simple direct factors, 
a contradiction. If A 2 and A3, say, do not project onto Si, then by maximality 
we have A 2 = B x S 2 x S3 and A3 = C x S 2 x S3, where B and C are proper 
subgroups of Si . Since G2 (<?) has no two maximal subgroups of pairwise coprime 
index, we obtain a contradiction. A similar argument applies for S 2 . Hence, since 
//(PSL 2 (g)) = 2, relabelling the index set {1, 2, 3} if necessary, we have that either 
Ai = Bi x S 2 x S3, A 2 = Si x B 2 x S3 and ^3 = Si x S 2 x B 3 (where, for each i, 
Bi is a maximal subgroup of Si), or A\ = Bi x S 2 x S3, v4 2 = Si x S 2 x B3 and 
A3 = Si x S 2 x B' 3 (where Bi is a maximal subgroup of Si and B3 , B 3 are maximal 
subgroup of S3). In the former case, as 62(9) has no two maximal subgroups of 
pairwise coprime index, \N : Ai\ = |Si : Bi\ and \N : A%\ — |S 2 : B 2 | are divisible 
by a non-trivial common factor, a contradiction. We now consider the latter case. 
If the characteristic p divides \N : A3I, then \N : Ai\ and \N : j4 2 | are coprime to 
q implying that i?3,-B 3 are parabolic subgroups of S3 = PSL 2 (g), a contradiction. 
Hence p is coprime with \N : A\\ and Bi is a maximal parabolic subgroup of 
Si=G2(q)- So \N : A 3 \ = (q 6 - \)/{q - 1) (which is divisible by q + 1). However 
\N : A 2 | = I S3 : -B3I and |7V : A%\ = \S% : B' 3 \ are coprime indices of maximal 
subgroups of PSL 2 (g), and by [TU] Table 7], one of these indices is the index of a 
parabolic, and hence equal to q + 1, a contradiction. Thus /.i(N) = 2. □ 
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7. Sporadic groups 

Proof of Theorem A for the sporadic groups. The group T is one of the 27 sporadic 
simple groups (note that we did not consider the simple group 2 F 4 (2)' in Scction[B|). 
Fix w£fi. Since T u is pseudo-maximal in T, there exists an almost simple group 
A with socle T and a maximal subgroup M of A with T £ M and T w = T n M. 
If T is not the Fisher-Griess Monster, in the proof of this result we may use the 
complete list of the maximal subgroups of A available in \\, 8 ; in particular, the 
tuple (A,T,M,T U ) is in [IJ [8J. If T is the Monster, then Out(T) = 1, T has 43 
known conjugacy classes of maximal subgroups and, by [5], an unknown maximal 
subgroup of T is almost simple. In particular, if T is the Monster and T w is 
conjugate to one of these unknown maximal subgroups, then by Proposition 12 . 71 we 
have that T has at most two non-trivial coprime subdegrees. This shows that in 
the rest of this proof we can simply use the information on the subgroup lattice of 
the sporadic groups in [T][5], including the Monster. We use the notation in [5]. 

In order to avoid a long list of cases to consider, we have checked with magma 
that this theorem holds true for |Q| < 2000 by a direct inspection (all primitive 
permutation groups of degree at most 2000 are in the PrimitiveGroups database). 
From the "Specification Structure" column in the list of maximal subgroups of 
A in [B], it can be readly cheched whether Proposition 12.71 or 12.91 applies, in this 
case the theorem immediately follows. Moreover, from the "Specification Order" 
column, it is immediate to see whether T w is a {p, g}-group, from which the theorem 
follows from Lemma 12.41 Furthermore, from the "Specification Abstract" column, 
sometimes it can be easily inferred whether T u contains the normalizer of a Sylow 
p-subgroup of T, for some prime p, so the theorem follows from Proposition 12.101 
in this case. (For instance, if T = J\ and T w = 7 : 6, then we see that T w is the 
normalizer of a cyclic group of order 7. Since a Sylow 7-subgroup of T has order 
7, we obtain that T w contains the normalizer of a Sylow 7-subgroup. For later 
reference we give another example. If T = McL and T u = 'o 1 ^ 2 : 3 : 8, we see 
that T w contains a Sylow 5-subgroup P of T and that P <T . As T u is a maximal 
subgroup of T, we obtain T w = Ny(P).) Now the proof is a case-by-case analysis 
on the tuples (A,T,M,T U ) which do not meet any of the conditions described in 
this paragraph: Table [2] gives all possible such pairs (T, T u ). 

Let (T, T w ) be one of the pairs in Table [2] and let N be the last term of the 
derived series of T^ (as we defined in Section G2 this means that TV < T w , T^/N is 
soluble and N = [N, N]). Note that N > 1. From Lemma I3T21 the group N fixes 
only the point w of il. 

Assume that {T,T U ) is not one of the following nine pairs. 

( J 4 , 2 3 + 12 .(5 5 x L 3 (2))), {Fi' 2il 2 3+12 .(L 3 (2) x A 6 ), (M, 2 3+6 + 12+18 .(3S 6 x L 3 (2))), 
(B, [2 35 ].(S 5 x L 3 (2))), (McL, 2 4 : A 7 ), (F* 23 , 2 6 + 8 .(A 7 x S3)), 

(C02, 3^ +4 : 2i +4 .S 5 ), (B, 3^+ 8 : 2 1+6 .C/ 4 (2).2), (B, h l + A : 2 1 + 4 .A 5 A). 

With a direct inspection, we see that N contains a normal p-subgroup P such that 
N/P is either a quasisimple group, or isomorphic to A§ x A^ and p = 2 (here T is 
the Harada-Norton group HN). We show that n(N) < 2, from which it follows by 
Lemma 12.41 that T has at most two non-trivial coprime subdegrees. We argue by 
contradiction and we assume that fJ,(N) > 3 and we let A\, A2, A3 be three distinct 
maximal subgroups of N with pairwise coprime index in N. Let U/P be the centre 
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of N/P. From Lemma |3Tj p divides \N : A 3 \ and N/U = (A 1 /U)(A 2 /U) is a 
maximal coprime factorization of N/U. Suppose first that N/U — A§ x A5. Since 
in every coprime factorization of A§ x A5 , one of the two maximal subgroups has 
even index and as p = 2, we obtain a contradiction. Suppose now that N/U is 
simple. Therefore (N/U,Ai/U,A2/U) is in [TQl Table 1]. A direct inspection on 
N/U, on p, and on the maximal coprime factorizations of N/U in [lOl Table 1] 
shows that p divides either |JV : Ai\ or |7V : Ai\, a contradiction. 

It remains to consider the case that (T,T U ) is one of the nine pairs that we 
excluded above. Suppose that (T, T u ) is one of the first six pairs (those in the 
first two rows). It is immediate, comparing the order of T u with the order of 
T, to check that T u contains a Sylow 2-subgroup S of T. It can be readily seen 
from [15, Theorem 3] that S is self-normalizing in T, that is, S = Nt(S'). In 
particular, T w contains the normalizer of a Sylow 2-subgroup of T and hence, from 
Proposition 12.101 every non-trivial subdegree of T is even. 

Assume that T = B and T u = 5+ +4 : 2 1+4 . J 4 5 .4. From [28, Section 3 and 
Table III] , we see that T w contains the normalizer of a Sylow 5-subgroup of T and 
hence, by Proposition 12. 10"! every non-trivial subdegree of T is divisible by 5. 

Assume that T = B and T u = 3^ 8 : 2 1+6 .C/ 4 (2).2. Write N = [T U ,T U ]. From 
Lemma [3.21 N fixes only the point u) of f2. Next we show that n(N) = 2, from 
which the theorem follows from Lemma 12.41 We argue by contradiction and we 
assume that fi(N) > 3 and we let A\,A 2 and A3 be three maximal subgroups of 
N with pairwise coprime index in TV. Let U be the normal subgroup of N with 
N/U = Ui{2). Note that if U <£ A4, then N = A t U and \N : A+\ = \U : (U D A t )\ 
is divisible by 2 or 3. Since U is a {2, 3}-group, there exist at most two elements 
of {A\,A2, A3} not containing U. Moreover, if U < A4, then Ai/U is a maximal 
subgroup of the simple group N/U . As n(U,i(2)) < 2 from Lemma \2. 71 there exist 
at most two elements of {Ai,A2,A$} containing U. Therefore, relabelling the set 
{Ai, A2, A3} if necessary, we have two cases to consider (i) : U < A\,Ai and 
U ^ A 3 , or (ii) : U < A x and U £ A 2 ,A 3 . In (*), N/U = {A 1 /U){A 2 /U) is a 
maximal factorization of N/U with two subgroups having coprime index. With a 
direct inspection on the subgroup lattice of Ui(2) (or from [10l Table 1]), we see 
that (replacing A\ by A 2 if necessary) \N : Ai\ =27 and \N : A 2 \ = 40. Since 
\N : Aa\ — 2 a 3° for some a and j3, we obtain a contradiction. In (i), replacing A 2 
by A3 if necessary, we may assume that \N : A 2 \ is divisible by 2 and \N : A$\ is 
divisible by 3. Now A\/U is a maximal subgroup of N/U. With a direct inspection 
on the subgroup lattice of U±(2) we see that \N : A\\ G {27,36,40,45}. Since each 
of these numbers is divisible by 2 or by 3, we obtain a contradiction. 

It remains to consider the case that T — Co 2 and T w = 3 + + : 2_ + .S5. Compar- 
ing the order of T with the order of T w we see that T^ contains a Sylow 3-subgroup 
S of T. From gU Section 2 and Table I], we see that |N T (5)| = 32|5|. The gen- 
erators of T u are available in [T]. Now by a computation in magma we check that 
|N7^(5)| = 32 1 ^S") and hence T w contains the normalizer of a Sylow 3-subgroup of 
T. By Proposition ^. 101 every non-trivial subdegree of T is divisible by 3. □ 
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Group T Subgroup T L 



2 4 .S 6 , 4 3 : Z 3 (2), 4.2 4 : S 5 
A 6 ), 2L+ 4 : A* 



HS 

J 3 
M 24 
McL 
He 
Ru 
Suz 
O'N 
Co 3 
Co 2 

Fii2 
HN 

Ly 
Th 

Fi 2 3 
Co x 

Ja 
Fi' 2i 

B 

M 



(3 



2 6 : (L 3 (2) x S 3 ) 

1 ■"■■ 3 4 : M10, 2 4 



3 + +4 -2S 5 



:A 7 



2 6 : 3.S 6 , 2^+ 6 L 3 (2), 7 2 : 2i 2 (7) 

2 3+8 - ' ■"<■ • - 



■-: L 3 (2), 2.2 4 + 6 : S 5 , 5 2 : 4S 5 
+ 6 : t/ 4 (2), 3 5 : M n , 2 4 + 6 : 3A 6 , 2 2 + 8 : (A 5 x S3) 

; • T,JO\ 



4 3 : L 3 (2) 

3 5 : (2 x Mn 



3,+ 4 : 4S 6 , 2 4 .A 



■8 



■l4+l 



2 1 " : M 22 : 2, 2 + + 8 : S 6 (2), (2 + + 6 x 2 4 ).A 8 , 2 

' ' • ' ^ 1+S :U 4 (2)) 



°(S 5 x S 3 ), 



3 + + 4 : 2 1+4 .S 5 
15+8 • (S 3 X 4,)) 



2 5 .L 5 (2), 2 1 



(24)^8 



(2 x f/ 4 (2)), 2 10 : M 22 , 2 6 : S 6 (2), (2 x 2 + -° : t/ 4 (2)) : 2, (2;-° : (S3 x 

2 1 + 8 .(A 5 x A 5 ).2, 2 6 .U 4 {2), 2 3 .2 2 .2 6 .(3 x L 3 (2)), 5 2 .5.5 2 : 4A 5 , 3 + + 4 : 4A5 

5 3 .L 3 (5), 5 + +4 : 4S 6 , 3 5 : (2 x M n ), 3 2 + 4 ■ ^4^ n„ 

''^A 9 ,3 5 :2S 6l 5 2 :GL 2 (5) 

2 n .M 23 , 3 10 .(L 3 (3) x 2), (2 2 x 2 + + 8 ).(3 x U 4 (2)).2, 2 6 + 8 . 

2 n .M 24 , 2^+ 8 .0+(2), 2 2 + 12 : (A 8 x S 3 ), 5 2 : 4A 5 , 2 4 + 12 .(S 3 x 3S 6 ), 3 6 : 2M 12 , 

3 + + 4 : 21/4(2) : 2, 5 + + 2 : GL 2 (5), 5 3 : (4 x A 5 ).2, 
2 n • )\/f- . oio . r_/o^ oi+i2 iu„, • i o3+!2 ce_ 



(A 7 x S 3 



. M 24 , 2 10 : L 6 (2), 2 + + 12 .3M 22 : 2, 2 3 + 12 .(S 5 x L 3 (2)) 
.0 7 (3), 3 1+1 ° : f/ 5 (2) : 2, 2 n .M 24 , 2 1+12 : 3.f/ 4 (3).2, 3 2+4+8 .(A 5 x 2A 4 ).2, 
[3 13 ] : (L 3 (3) x 2), 2 3 + 12 .(L 3 (2) x A*), 2 6 + 8 .(S 3 x A*) 

2 1 + 22 .Co 2 , 2 9 + 16 .S 8 (2), 2 2 + 10 + 20 (M 22 : 2 x S 3 ), [2 30 ].L 5 (2), [2 35 ].(S 5 x L 3 (2)), 
3 1+8 .2 1+6 .[/ 4 (2).2, 5 3 .L 3 (5), 5 1+4 .2 1+4 .A 5 -4 
2 1+24 .C 0l , 2 10+16 .O+(2), 2 2 + 11+22 .(M 24 x S 3 ), 3 1+12 .2Suz.2, 
2 5+io + 20_ ( £ 3 x Lb(2))} 2 3 +e+ 12 + 18 .(3S 6 x L 3 (2)), 3 8 .0 8 -(3).2, 

32+5+IO (Mn x 2 ^ 4)j 33+2+6+6 . (Ls(3) x 5Dl6); 5 l+6 . 2 j 2 . 4^ 

5 3+3 .(2 x L 3 (5)), 5 2+2 + 4 : (S 3 x GL 2 (5)), 7 1+4 : (3 x 2S 7 ), 

5 4 : (3 x 2£ 2 (25)) : 2, 7 2+1+2 : GL 2 (7), 13 2 : 2£ 2 (13) : 4, 7 2 : SL 2 (7) 



Table 2. Pseudo-maximal subgroups of T relevant to the proof 
of Theorem A for the sporadic simple groups 



